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ON DISCRETE INTERACTION OF A PLATE AND A DAMAGED STRINGER®

L. S. RYBAKOV

There is investigated the plane contact problem for an elastic system consisting of
an unbounded plate reinforced by an infinite homogeneous stringer in terms of per-
iodically located hard circular inclusions (rivets). There are considered to modi-
fications of a single damage of the stringer, that is modeled by a compressively
strained rod: on a gsection between rivets, and on a section passing through the
center of the rivets. In both cases the problem reduces to an infinite system of
linear algebraic equations in the axial components (projections on the stringer
axis) of the reactive forces transmitted by the rivets. The exact solution of such
systems is constructed in quadratures by using the Laurent transformation and the
apparatus of the Riemann-—Hilbert boundary value problem. The results cbtained can
be used in estimating the resjidual strength of damaged riveted panels. Some problems
concerning the discrete interaction of a plate and an undamaged bar are studied in

/1—5/.

1. Formulation of the problem. Let us consider a plane elastic system formed by an
unbounded thin plate and an infinite homogeneous stringer fastened to the plate by periodical-
ly arranged rivets., It is assumed that the stringer is fractured once in some section and
the external loads acting on the system are represented by constant forces at infinity in the
plate (homogeneous external field of plate loads), and by concentrated forces applied to the
centers of the rivets in the stringer (Fig.l).

Let us make the assumptions. 1°, Plane state of stress
conditions are realized in the plate., 20, The stringer
? is modeled by a bar operating only under tension-compres-
. sion; its weakening due to riveting is not taken into ac-
Q count. 3°. The rivets in the plate are simulated by stiff
I g circular inclusions fastened to the plate along their con-
'm tact surface; the radius of the inclusions is small com-
N pared to their spacing, and the centers of the inclusions

l 9 t" are on the stringer axis. 49, The stringer interactswith

e o 1 g 1"

N  the plate at its middle surface by means of the inclusions.
o This latter assumption excludes from consideration the ec-
4y centricity of stringer attachment to the plate relative to
its middle surface, and the friction force between the plate

and the stringer.
;’.:.r Let us introduce the notation: v, E are, respectiv-
N

ely, the Poisson's ratio and Young's modulus of the plate
material, 4 is the stringer stiffness under tension-—com-
pression, k is the plate thickness, R is the spacing be-
Fig.l tween the centers of adjacent inclusions (the rivet spac-
ing), and r is the radius of the inclusions. The remaining
symbols introduced below are considered dimensionless:
quantities with a linear dimensionality, linear forces in the plate, forces in the stringer
and the concentrated forces applied to the centers of the inclusions are referred, respectiv-
ely, to R, Eh/(1 + ), and A and 8aERR/(1 + )%

Let an elastic system be referred to a rectangular Cartesian z,, 7, coordinate system
located in the plate middle surface, and let z = %, + i¥; be a complex variable (i =} —f).
Simultaneously assuming the stringer not ruptured, we imagine it separated from the plate
{evidently cutting the inclusion out), and we apply the unknown interaction forces X, = Xy, +
iX;m and —X,,, respectively, to the centers 3z, =1, + me® (m =0, 31, +2,...) of the inclus-
ions in the plate and stringer. Here f§ is the stringer slope to the =z axis. The field of
elastic displacements and linear forces in the isolated plate is determined by the Kolosov—
Muskhelishvili formulas /6/:
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W) = uy + vy = % (a) — 397 (&) — $ (@) (1.1
Ny + Noy= 210" (3) + ¢ (2)]
Nyo — Ny + 2iNy, = 2129 (2) + ¢ {2}, ®={3 — {1 + v}

Here uq is the displacement along the z, axis (a2 =1,2), Nag (@, B =1,2) are the Cartesian
components of the linear force tensor, ¢(z) and 1 (z) are complex potentials, generally
determined from the solution of the plane problem of elasticity theory for a plane with a
periodic system of stiff circular inclusions. The assumption about the smallness of the rivet
radius compared to their spacing (in practice & ==r/R = 0,02 — 0.1) permits us to limit our-
selves to taking account of the mutual influence of the inclusions asymptotically by using
the superposition principle in the form /6/:

P@=09s(D)+ 3 omla) P@=V@+ I ¥ul) (1.2)

Pu(2) =T32, Y, (2) =TI (1.3)
P () = =X In (2 — 2,)

\pm (z)=%Xm ln (Z-""Zm) +Xm [ z :mzm + (l '—-sim):l ]

m=0,4+1,+2,...; 4'=Ny~ 4 Ng>;
21" =1Vggf’° ——Nux‘ + 2iN13m)

Here g, (z), ¥, (2) are the potentials for a plane without inclusions due to a homogeneous ex-
ternal field of loads given at infinity by tensor component of the constant forces Nyg" (&, P =
1, 2), and @, (2), bm (5) are potentials for aplane with just an m~th circular inclusion to whose
center the force X, is applied.

The static conjugate conditions of adjacent sections of an isolated stringer at the points
Zm (m =0, 1, +2,...) have the form
(A4

8nERR (1.4)

Xp=X,*+o(Np—Nnyeb, o=

where X,* is the complex vector of the external force acting on the stringer at the center of
the rivet m, N, 1is the force in the stringer at the section m (between the rivets m and
m + 1), and ® is the stiffness parameter of the elastic system.
By using the relationships
X-me—iﬁz P iQms Xm*e*iﬁz P> -+ iQm*
we, respectively, introduce the axial (P, P,*) and transverse (Qm, @n*) components of the
forces Xm and X,*. According to (1.4), @Qn = @, and

Po=P.* + 0Ny — Nyr) (1.5)

In the undamaged system, the conditions for combined strain of the plate and stringer will be
satisfied if it is reguired that the equality

Re {lw (zn,1) — w (2m)le*B} = Ny

would be valid for all integer m.
Transforming its left side by using the formulas (1.1}~ (1.5}, and taking account of the
smallness of & we find

y— 2\ ThenPa= Ny {1.6)
I'p=—I,=—1+¢e —2xlne (1.7)
- s 2 1
Fp—=—T,=2xln(t 47 =)~s~.;2_(';—_*_;ﬁz- (100, —1)

2y = : ;: (V1™ - Nag®™) b (N11® — Nog™) cos 2B - 2Vy¢° sin 2B

For all integer m the set of relationships (1.5) and (1.6) form an infinite system of
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linear algebraic equations in the required quantities N, and P,. It is later convenient
to take the reactive forces P,,as the fundamental unknowns. Eliminating N,, from the
relationships mentioned, we see that the system of equations

Pp+o 2 BunPp=Pp* (m=0,+£1,42...) (1.8)
Nem — O
By=2Ty=—2(1—¢*+2x1lne), By=T+I,= 1 — 1.75¢* + 2x In 2e (1.9)
3n?—1

By=T, +T_p=2xIn(1 —n?) - 2 (In|#0,1)

a n? (n3 — {)2
etermines Py,

Formulation of the problem of discrete interaction of the plate and an undamaged stringer
is thus completed.

Turning to the formulation of an analogous problem for a single damaged stringer, we
extract two, in principle, possible versions in its damage. In the first version, we assume
the stringer to be ruptured at a section passing through the center of some rivet, whereupon
the coupling of the stringer to this rivet is lost (Fig.l). In the second version the ruptur-
ed section of the stringer is between rivets and does not affect coupling of the stringer to
the rivets.

Let us first examine the first version of stringer damage. For definiteness, we consid-
er the ruptures section to pass through the center of the zero rivet. In this case (1.6) are
valid for all integer m =0, —1. As regards the conjugate conditions (1.5), then we should
set N_;=No=0 therein. Eliminating the forces N, which are different from zero from
the system (1.5), (1.6) (taking the stipulations made into account), we find

Pn+® O BpaP,=P,* (m=22,+3,...) {1.10)
Na=—C0co

Pi+® X TinwP,=Py*+ oy (1.11)
N==— 0o

P,—o Z T o nPp=P, *—ay, Po=P*

N==—o>

In studying the second damage version, we assume the stringer to be ruptured over some
section of the part —1. The compatibility conditions (1.6) remain valid for all integer
m %= —1 for such a realization of the damage, and the dependences (1.5) are supplemented by

the evident equality N., =0. Eliminating the forces N, (m == —1) from these equations,
we obtain
Po4o D BmaPp=P,* (m=1,4+2,43,.., (1.12)
N==—="0
Poto D T P,=DP* 4wy (1.13)
Tm=—

P,—o Z TsonPp=P_* —wy

N==—00

Just as the system (1.8) for the undamaged stringer, the systems (1.10), (1.11) and (1.12),
(1.13) permit finding the reactive forces P, for the appropriate versions of stringer damage.
In all cases the elastic field of forces and displacements in the plate are determined from
them J(.n c;mformity with (1.1)— (1.3) while the non-zero forces in the stringer are determined
from (1.5).

2. Solution of infinite algebraic systems. Let us examine the formal expansions
d <
B(z)= 2 Bna™, T(g)= El T

that are Laurent transformations of the infinite sequences {B,} and {I,}, respectively. It
can be shown that these functions are regular only on the unit circle € and, in conformity
with (1.7), (1.9), a dependence

BHI=0U—-9r{, =0

exist between them.
Let us assume that the functions
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Pz)= § P.2™, P*(z)= 3 P, *"

M=—s Memmox

are regular in, at least, the unit circle (. For P (z) this assumption is justified by
the solution of the problem. As regards P*(z), then the customary regularity condition is
not restrictive since the regularity of P*(z) in a ring containing € follows practically

always from the given distribution of forces P,*. By the definition of the inverse Laurent
transform

P,,,=—235SP(§);—~I-ldg (m=0,41,4+2,...) (2.1
[

Analogous relationships hold for P,* and P* (z).

Let us note that integration over the contour C is performed counter-clockwise in (2.1)
and below.

In the case of an undamged stringer, by using relationships of the type (2.1), the system
(2.1) is reduced to the form

2 V6O PO — PrOIT1di =0 (2.2)
4

G =14 B(D)=1+o(l-0r{) (0 (2.3)

where the exponent m runs through a whole set of integers. Hence, it can be written

P =61QP (Y . (t=0)

Substituting this expression into (2.1), we find that the solution of the system (1.8) has
the form
e
Po= X gmaP* (n=041,+2..) (2.4)
n=—x —
The quantities g, here are evaluated from the formulas
i ¢
1 d; * cos ns ;
=3z )T =) g =0zxLiE2Z,..) (2.5)
2mi GE) T el
~
PR idgy A v o f_, L axla va v o, af0? AT s, N 1 4 —a )] In:;ll al
g(o)=0{e¥)=1 -+ Aw‘l(LObU—'l)Ll + 2% 1IN ZE € kT——ﬂo 3 )J 4- AKL In{1—m )(cosmc~—1)}, A\ =Y )
M==2

We turn to the construction of the solution of the system (1.1), (1.11l). Just as the
system (1.8), by using relationships of the type (2.1), the infinite subsystem (1.10) is re-
duced to (2.2), which is valid for any integers m=t0, +1. All these eguations will be sat-
isfied if

DI DafF L D-{F LN IDR(FY L 4 F a g N (L= C (2.6)

£ \b) E7 (] T £ \b] =T "\gJ 18 \bf 7 @1 17 %p T weld J (D= Y
Here P+(z2) and P~ () are, respectively, the regular and principal parts of the function
D1\ P maen a3 T1 trmlemmrrn mammdemmdbs whisch will ha Aatavminad hy +he ¢+ill unuged
r \z), ana aj, 4oy G-y ar STiili UNKNOWIN Constcants willn wiais O€ QEeTeINinNnCSl Iy TOC Silil. WRusell

equation (1.11).
By using relationships of the type (2.1), the first two can be represented in the form

- S H+ ol @I PO =Pi* +ov, 3o S (1 — T (1 P Q) dt = P_*— oy

Substituting (2.6) here with the dependence (2.3) taken into account, we find

u\;n*._»u\ m‘l'i\.}_r)\‘u___n_n_n_
r \1y = ) — £ \i7 Wy w1 “q -1

1) — r
) — P (1) = P*+ (1) — P* (1) + 20y + a; + ap + a5

DL 14
Vi

s
1
+(1

<

Here P*+(1) and P* (1) are the limit values, respectively, of the regular P**(z) and the
principal P* (z) parts of the function P*(z) at the point z=1.
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These latter equations are equivalent to the identities
a +a +a,=0 (2.7
p+(1) — P (1) = P*+ (1) — P* (1) + 20y (2.8)

In order to convert (2.8) into an explicit dependence between the required constants, the
functions P+(z) and P (2) must be found. In this connection, we note that the expression

PO=P(D+PD=6"QP O +al—-tY+al-tI T&0) (2.9)

resulting from (2.6) and (2.7) can be treated as the simplest Riemann ~-Hilbert problem. Its
solution that satisfies the evident condition P (o) =0 has the form /7/

Pt (3) = & [pE (2) + aghet (2) + a)\E (3))] (3 Dy) (2.10)

We have here introduced the piecewise-holomorphic functions
1 Prr)dy =4 (4-thHd 2.11
PO = %7 ) T M0 =27 | Tt ) i

10 G-ty
w0 =g | Foes (=P

and the symbols D, and D_are for domains, respectively, inside and outside the unit circle C.

The Sokhotskii formulas for the functions (2.10) and (2.11) permit reduction of (2.8) to
the form

ango+ 01 (8o -+ 81) =5 [P** (1) — P*" ()] + @y —p(1) (2.12)
2"(“=”+“)+”-“)=?S o= 2 Pnt E fn (2.13)

where it is taken into account that (see (2.11) and (2.5))

e T e o

We note that according to (2.1) and (2.9)

D Em-nPr®+ 60 (8m— &mi2) + 1 (Bmy— Emuy), (M =10, £1, +2,...) (2.14)

Nam—00

Hence, taking account of the last equation in (1.11), we obtain

“°=g.+gl(‘°°“;gn”n‘)

The constant @, is now easily determined from (2.12). Replacing a4, and a; in (2.14) by their
obtained expressions, we find that the soclution of the system (1.10), (1.11) has the form

= S 80 (B — Emea) + 818 — Brmsy)
Pa= Y gnaPst +(Pt— Y, gaPu¥) — g (2.15)

Ne=—oc0 Nwm—co

[ZEOZPY0 4 oy pety| Emiion, (m=0, 21, 22,.. )

The solution of the system (1.12), (1.13) can also be constructed analogously. However,
there is no need for this since it can be derived from the preceding reasoning if ¢, =0 1is
taken therein. The desired solution is a corollary of (2,12) and (2.14) for 4,=0 andhas
the form
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gmnPa* + [w +(0Y_.p(1)]g"‘__g§![‘il (m=0,+1, +2,..)) (.16

e

Pp=

n

i

— o0

By using relationships of the type (2.1) the infinite subsystem (1.12) is indeed again
reduced to (2.2) which is valid now for all integers m=0,—1. The function (2.6) will evid-
ently satisfy these equations under the condition 4, = 0. Furthermore, it can be seen that
by using this function the equations{1.13) are converted, just as the first and second equa-
tions of (1.11) into the identities (2.7) (for 4, =0) and (2.8). Tracing the further behav-
ior of the construction of the solution of the system (1.10), (l.ll), we arrive at (2.16).

The solutions of (2.15) and (2.16) show that the calculation of the reactive forces 2,
in a system with a damaged stringer would reduce, as in an undamaged system, to the quadratur-—
es (2.5). Comparing these solutions with (2.4), we sSee that the first terms therein
correspond to the system with undamaged stringer, while the influence of the damage is des~
cribed by the subsequent terms.

It should be emphasized that all the preceding reasoning, including the final results
(2.15), (2.16}), is valid for the kinds of stringer damage stupulated above whose point of
location relative to the rivet numbering taken was strictly fixed. This lattexr does not
constrain the generality of the results obtained, which can be extended, as is easily seen,
to the case of an arbitrary location of the stringer damage relative to the rivet numbering
by a shift in the index. Thus, if the stringer is ruptured at the rivet s, then the solution
is obtained from (2.15) after replacing m in its right side by m —s. Analogously, inorder
to find the solution of the problem for a stringer damaged between rivets within a space .
it is sufficient to replace m in the right side of (2.16) by m —s—1.

In conclusion, let us note that the approach elucidated permits the scolution of even more
complex problems about the discrete interaction of an unlimited plate and a multiply damaged
infinite stringer.

3., Some numerical results. As an illustration, let us consider the case when only

the external field of plate loads acts on an elastic system. Then Pu*=0{m=0,+1, £2,.. ),
p{1)=10 ({see (2.13)) and according to (2.15), (2.16)

P B =m0, 44, 42,..) (3.1)
oy Kt &

if the stringer is damaged at the zero rivet and

P Bm Bl g, 41, 2,00 (3.2
oy 8o
¢ if the stringer is ruptured between rivets in the section — 1.
&y, Some results of calculating the reactive forces in the
wy rivets loaded most are represented in Figs.2 for v=1, and
\ g¢==0.4; the solid lines correspond to (3.1) and the dashes
to (3.2}. Let us note that under the same lcading of an

elastic system with an undamaged stringer, the reactive forc-

!
|
H
!
0.3 F r/ 4/’ es at all the rivets are zero (see (2.4)).
5\;%\ ~
ra

‘_:g_"ﬁ//
7 / T ——
ol
5 a3 1 8.5 2
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